We prove that the set of all common fixed points for a continuous nonexpansive semigroup of nonlinear mappings acting in modular function spaces can be represented as an intersection of fixed points sets of two nonexpansive mappings. This representation is then used to prove convergence of several iterative methods for construction of common fixed points of semigroups of nonlinear mappings. We also demonstrate an example how the results of this paper can be applied for constructing a stationary point of a process defined by the Urysohn integral operator. MSC: Primary 47H09; secondary 46B20; 47H10; 47H20; 47E30; 47J25
Introduction
The purpose of this paper is to prove that the set of all common fixed points for a continuous nonexpansive semigroup of nonlinear mappings acting in modular function spaces can be represented as an intersection of fixed point sets of two nonexpansive mappings, where nonexpansiveness is understood in the modular sense. Modular function spaces are natural generalizations of both function and sequence variants of many important, from applications perspective, spaces like Lebesgue, Orlicz, Musielak-Orlicz, Lorentz, OrliczLorentz, Calderon-Lozanovskii spaces and many others; see [, ] for an extensive list of examples and special cases.
The fixed point theory in modular function spaces originated in the  seminal paper by Khamsi, Kozlowski and Reich [] . In that paper, the authors showed that there exist mappings which are ρ-nonexpansive but are not norm-nonexpansive. They demonstrated that for a mapping T to be norm nonexpansive in a modular function space L ρ , a stronger than ρ-nonexpansiveness assumption is needed: ρ(λ(T(x) -T(x))) ≤ ρ(λ(x -y)) for any λ ≥ . From this perspective, the fixed point theory in modular function spaces should be considered as complementary to the fixed point theory in normed spaces and in metric spaces. It is worthwhile to mention that from the perspective of applications, modular type conditions are typically more easily verified than their metric or norm counterparts. For earlier and recent results of fixed point theory in modular function spaces, refer, e.g., to [, -]. http://www.fixedpointtheoryandapplications.com/content/2014/1 /4 Let us recall that a family {T t } t≥ of mappings forms a semigroup if T  (x) = x, T s+t = T s (T t (x)). Such a situation is quite typical in mathematics and applications. For instance, in the theory of dynamical systems, the modular function space L ρ would define the state space and the mapping (t, x) → T t (x) would represent the evolution function of a dynamical system. The question about the existence of common fixed points, and about the structure of the set of common fixed points, can be interpreted as a question whether there exist points that are fixed during the state space transformation T t at any given point of time t, and if yes -what the structure of a set of such points may look like. In the setting of this paper, the state space may be infinite dimensional. Therefore, it is natural to apply these results not only to deterministic dynamical systems but also to stochastic dynamical systems.
An existence of common fixed points of ρ-nonexpansive semigroups was demonstrated in  [] . However, a structure of the set of common fixed points can be a priori very complicated and therefore it can be difficult to apply any methods of construction of such common fixed points, which is of a major importance for applications. In the current paper, we show that in the case of a continuous nonexpansive semigroup, the set of its common fixed points can be actually represented by an intersection of fixed point sets of just two suitably chosen, nonexpansive mappings. The idea of such representation is known in Banach spaces; see, e.g., the  paper by Suzuki [] and references therein. However, the case of ρ-nonexpansive mappings acting in modular function spaces have not been investigated prior to the current paper. It is worthwhile to mention that we use only convexity of the function modular ρ as it does not need to have any triangle inequality of homogeneity properties. This shows the strength of the convexity assumptions because convexity of ρ suffices to prove both the existences and the representation of a set of common fixed points.
We use this representation to show how the Mann and Ishikawa type iterative methods can be used for the construction of common fixed points of continuous nonexpansive semigroups. The idea of using such processes in this context can be traced back to the seminal s-s papers by Mann We also show an example how the results of this paper can be applied for constructing a stationary point of an Urysohn process.
Preliminaries
Let us introduce basic notions related to modular function spaces and related notation which will be used in this paper. For further details, we refer the reader to preliminary sections of the recent articles [, , ] or to the survey article [] ; see also [, , ] for the standard framework of modular function spaces.
Let be a nonempty set and be a nontrivial σ -algebra of subsets of . Let P be a δ-ring of subsets of such that E ∩ A ∈ P for any E ∈ P and A ∈ . Let us assume that there exists an increasing sequence of sets K n ∈ P such that = K n . By E we denote the linear space of all simple functions with supports from P. By M ∞ we denote the space of all extended measurable functions, i.e., all functions f : → [-∞, ∞] such that there exists a sequence {g n } ⊂ E, |g n | ≤ |f | and g n (ω) → f (ω) for all ω ∈ . By  A we denote the characteristic function of the set A. http://www.fixedpointtheoryandapplications.com/content/2014/1/4 Definition . Let ρ : M ∞ → [, ∞] be a nontrivial, convex and even function. We say that ρ is a regular convex function pseudomodular if:
Similarly, as in the case of measure spaces, we say that a set A ∈ is ρ-null if ρ(g A ) =  for every g ∈ E. We say that a property holds ρ-almost everywhere if the exceptional set is ρ-null. As usual we identify any pair of measurable sets whose symmetric difference is ρ-null as well as any pair of measurable functions differing only on a ρ-null set. With this in mind, we define M = {f ∈ M ∞ : |f (ω)| < ∞ ρ-a.e.}, where each element is actually an equivalence class of functions equal ρ-a.e. rather than an individual function.
Definition . We say that a regular function pseudomodular ρ is a regular convex function modular if ρ(f ) =  implies f =  ρ-a.e. The class of all nonzero regular convex function modulars defined on will be denoted by . The following notions will be used throughout the paper.
(a) We say that {f n } is ρ-convergent to f and write
Since ρ fails in general the triangle identity, many of the known properties of limit may not extend to ρ-convergence. For example, ρ-convergence does not necessarily imply the ρ-Cauchy condition. However, it is important to remember that the ρ-limit is unique when it exists. The following proposition brings together a few facts that will be often used in the proofs of our results. Definition . Let ρ ∈ . We say that ρ has the  -property if
The modular equivalents of uniform convexity were introduced in [] .
Definition . Let ρ ∈ . We define the following uniform convexity type properties of the function modular ρ: 
Definition . We say that ρ is strictly convex (SC) if ρ(f ) = ρ(g) and
ρ λf + ( -λ)g = λρ(f ) + ( -λ)ρ(g) imply that f = g, where λ ∈ (, ) and f , g ∈ L ρ .
Proposition . By Proposition . from [] it follows that if ρ is (UUC), then it is also (SC).
Remark . The notion of a modular function space has been generalized recently to a more abstract, nonlinear case of a modular metric space; see, e.g., [, ] . Let us recall http://www.fixedpointtheoryandapplications.com/content/2014/1/4 that a function ω :
In this context, given x  ∈ X, the modular metric space around x  , denoted by X ω (x  ), is defined as
Furthermore, X ω (x  ) can be endowed with a metric given by
Given a modular function space L ρ , where ρ is a convex function modular, it is not difficult to demonstrate that the formula
Let us also introduce modular definitions of Lipschitzian and nonexpansive mappings and associated definitions of semigroups of nonlinear mappings acting within a modular function space.
Definition . []
Let ρ ∈ and let C ⊂ L ρ be nonempty and ρ-closed. A mapping
For any mapping T, by F(T) we denote the set of all fixed points of T. The following theorem is an immediate consequence of Theorem . in [] .
Theorem . Assume that ρ ∈
is (UUC). Let C be a ρ-closed, ρ-bounded convex nonempty subset. Then any ρ-nonexpansive mapping T : C → C has a fixed point. Moreover, the set of all fixed points Fix(T) is ρ-closed and convex.
Definition . []
A one-parameter family F = {T t : t ≥ } of mappings from C into itself is said to be a ρ-Lipschitzian (resp. ρ-nonexpansive) semigroup on C if F satisfies the following conditions:
Definition . A semigroup F = {T t : t ≥ } is called strongly continuous if for every z ∈ C, the following function
is continuous at every t ∈ [, ∞).
By F(F ) we denote the set of common fixed points of the semigroup F . Let us finish this section with the existence theorem for semigroups of nonexpansive mappings acting in modular function spaces.
Theorem . []
Assume that ρ ∈ is (UUC). Let C be a ρ-closed ρ-bounded convex nonempty subset. Let F be a nonexpansive semigroup on C. Then the set F(F ) of common fixed points is nonempty, ρ-closed and convex.
Representation theorems
Let us start with the following result which relates to Bruck's theorem in Banach spaces, see [] .
Theorem . Let ρ ∈ be a strictly convex function modular. Let C ⊂ L ρ and let T and S be two ρ-nonexpansive mappings from C into X with a common fixed point. Then, for each λ ∈ (, ), a mapping U :
-nonexpansive and F(U) = F(S) ∩ F(T).
Proof A straightforward calculation shows that the mapping U is ρ-nonexpansive. It is also clear that F(S) ∩ F(T) ⊂ F(U). Therefore, to complete the proof, we need only to prove the converse inclusion.
To this end, let us fix x ∈ F(U) and w ∈ F(S) ∩ F(T). Let us calculate:
In particular, (.) yields the following
Indeed, let us assume to the contrary that
Combining (.) with (.), we have
which is impossible. Since the same reasoning can be applied assuming that ρ(T(x) -w) < ρ(x -w), we conclude that the claim (.) holds. Set f = S(x) -w and g = T(x) -w and observe that (.) implies that ρ(f ) = ρ(g). Straight calculation shows that
On the other hand, it follows from (.) and from the assumption x ∈ F(U) that
Comparing (.) to (.), we obtain immediately
which by the strict convexity of ρ implies that f = g, and consequently that
and hence x ∈ F(S). Similarly, we can prove that x ∈ F(T). Hence, x ∈ F(S) ∩ F(T) as claimed.
Theorem . Let ρ ∈ and let F = {T t : t ≥ } be a continuous semigroup of mappings on a subset C of L ρ . Let {α n } be a sequence of nonnegative numbers converging to α ∈ [, ∞) such that α n = α for all n ∈ N. Then the following representation of the set of all common fixed points of F holds
Proof We only need to prove that
Observe first that if {t n } is a sequence of nonnegative real numbers such that T t n (z) = z and t n → t, where t ∈ [, ∞), then T t (z) = z. Indeed,
by the continuity of F . Hence T t (z) = z as claimed. http://www.fixedpointtheoryandapplications.com/content/2014/1/4
The above observation implies in particular that T α (z) = z. Let us define β n = |α n -α| > , where n ∈ N. From assumptions it follows that each β n is a positive real number and that β n → . Note that
Hence, denoting m n = min{α n , α} and M n = max{α n , α}, we have
we obtain for each n ∈ N with s n > 
Since T  (z) = z, it follows that T s n (z) = z for every n ∈ N. Because s n → t and F is a continuous semigroup, we conclude, as previously observed, that T t (z) = z which concludes the proof of the theorem.
The following technical result about real numbers (Lemma  in []) will be used in the proof of our next representation theorem.
Lemma . []
Let α and β be positive real numbers satisfying α/β / ∈ Q. Define sequences {α n } in (, ∞) and {k n } in N as follows:
Then the following hold:
Theorem . Let ρ ∈ and let F = {T t : t ≥ } be a continuous semigroup of mappings on a subset C of L ρ . Let α >  and β >  be two real numbers such that α/β / ∈ Q. Then
as the converse inclusion is obvious. To this end, let us fix z ∈ C be such that z ∈ F(T α ) ∩ F(T β ). Let {α n } in (, ∞) and {k n } in N be two sequences defined as in Lemma  in [] . We will show that
Hence, by induction, T α n (z) = z for every n ∈ N and consequently,
Since, by construction, {α n } is a sequence of positive numbers converging to  ∈ [, ∞), it follows from Theorem . that
Combining (.) with (.), we obtain the desired inclusion (.) which completes the proof.
The next result is an immediate consequence of the fact that the uniform convexity (UUC) implies the strict convexity (SC) of ρ (Proposition .), and of Theorems ., . and .. 
Convergence of Mann iteration processes
We concluded the previous section with Theorem . which says that, under suitable assumptions, the set of all common fixed points of a continuous semigroup of ρ-nonexpansive mappings is nonempty and can be represented as the set of all fixed points of just one ρ-nonexpansive mapping. In this section we demonstrate how this result can be applied to the construction of such a common fixed point. This idea can be summarized as follows: using the results of the previous sections, we can reduce a problem of constructing a common fixed point for a semigroup of mappings to a problem of constructing a fixed point for just one ρ-nonexpansive mapping. There exist well-known algorithms for solving the latter problem using generalized Mann and Ishikawa iteration processes, see [] .
In the current section, we prove the convergence of the Mann iterative process to a common fixed point of a continuous semigroup. Let us start with the definition of the Mann process, see [] .
Definition . Let ρ ∈ , C ⊂ L ρ , and let T be a ρ-nonexpansive self-mapping on C. Let σ ∈ (, ). The Mann iteration process generated by the mapping T and the constant σ , denoted by M(T, σ ), is defined by the following iterative formula:
We will need the following technical results.
Lemma . [, ] Let ρ ∈ be (UUC) and let σ ∈ (, ). If there exists R >  such that
lim sup n→∞ ρ(f n ) ≤ R, lim sup n→∞ ρ(g n ) ≤ R, (  .  ) lim n→∞ ρ σ f n + ( -σ )g n = R, (  .  ) then lim n→∞ ρ(f n -g n ) = .
Lemma . Let ρ ∈ be (UUC), C ⊂ L ρ be a ρ-closed, ρ-bounded and convex set. Let T : C → C be ρ-nonexpansive, and let σ ∈ (, ). Denote by {x k } a sequence of elements of C generated by a Mann process M(T, σ ). Assume that w is a fixed point of T . Then there exists r ∈ R such that
it follows that {x k } is a nonincreasing sequence of nonnegative numbers hence it is convergent to a number r ∈ R.
Lemma . Let ρ ∈ be (UUC), C ⊂ L ρ be a ρ-closed, ρ-bounded and convex set. Let T : C → C be ρ-nonexpansive, and let σ ∈ (, ). Denote by {x k } a sequence of elements of C generated by a Mann process M(T, σ ). Then
Proof By Theorem ., T has at least one fixed point w ∈ C. In view of Lemma ., there exists r ∈ R such that
and that 
Hence, it follows from Lemma . that
which by the construction of the sequence {x k } is equivalent to Definition . We say that L ρ satisfies the ρ-a.e. Opial property if for every {f n } ∈ L ρ which is ρ-a.e. convergent to  such that there exists β >  for which
the following inequality holds for any g ∈ E ρ not equal to  lim inf
Definition . We say that L ρ satisfies the ρ-a.e. strong Opial property if for every {f n } ∈ L ρ which is ρ-a.e. convergent to  such that there exists β >  for which
the following equality holds for any g ∈ E ρ lim inf Definition . We say that ρ ∈ is uniformly continuous if for every ε >  and L > , there exists δ >  such that
Let us mention that the uniform continuity holds for a large class of function modulars. For instance, it can be proved that in Orlicz spaces over a finite atomless measure [] 
We are now ready to prove the following version of the Mann process convergence theorem for a single ρ-nonexpansive mapping. Proof Observe that by Theorem . the set of fixed points F(T) is nonempty, convex and ρ-closed. By Lemma . the sequence {x k } is an approximate fixed point sequence, that is,
as k → ∞. Consider y, z ∈ C, two ρ-a.e. cluster points of {x k }. There exist then {y k }, {z k } subsequences of {x k } such that y k → y ρ-a.e., and z k → z ρ-a.e. By Theorem ., y ∈ F(T) and z ∈ F(T). By Lemma ., there exist r y , r z ∈ R such that
We claim that y = z. Assume to the contrary that y = z. Then, by the strong Opial property, we have
The contradiction implies that y = z. Therefore, {x k } has at most one ρ-a.e. cluster point. Since C is ρ-a.e. compact, it follows that the sequence {x k } has exactly one ρ-a.e. cluster point, which means that ρ(x k ) → x ρ-a.e. Using Theorem . again, we get x ∈ F(T) as claimed.
Let us combine now Theorem . with Theorem . to demonstrate the convergence of an iterative algorithm to a common fixed point of a semigroup of nonlinear mappings in modular function spaces. 
for natural n ≥ . Then {x n } ρ-a.e. converges to a common fixed point of the semigroup F .
Proof Define a mapping S by
and observe that S : C → C is ρ-nonexpansive. Fix any x  ∈ C and let {x n } be generated by the Mann process M(S, σ ) where σ = κ + λ
which is exactly the sequence defined by (.). By Theorem . there exists
The proof is complete.
Convergence of Ishikawa iteration processes
The Ishikawa iteration process [] is a two-step process generalization of the Mann process. From the numerical point of view, the Ishikawa iteration process provides more flexibility in defining the algorithm parameters, and hence providing a better control over the speed of convergence of the algorithm.
Definition . Let ρ ∈ , C ⊂ L ρ and let T be a ρ-nonexpansive self-mapping on C. Let σ , τ ∈ (, ). The Ishikawa iteration process generated by the mapping T and the constants σ and τ , denoted by I(T, σ , τ ), is defined by the following iterative formula: Proof Using a similar calculation to the one used in the proof of Lemma ., it is not difficult to prove that {x k } is a nonincreasing sequence of nonnegative numbers, hence it is convergent to a number r ∈ R. of C generated by the Ishikawa process I(T, σ , τ ). Define
or, equivalently,
exists. Let us denote it by r. Since w ∈ F(T), T ∈ T r (C) and lim k→∞ ρ(x k -w) = r, by Lemma . we have the following:
Applying Lemma . with u k = T(y k ) -w and v k = x k -w, we obtain the desired equality 
Since τ ∈ (, ), there exists  < s <  such that τ ≤ s. Hence,
The right-hand side of this inequality tends to zero because ρ(T(x k ) -y k ) →  by Lemma . and because ρ satisfies  .
Using Lemma . instead of Lemma ., and Lemma . instead of Lemma ., and arguing in a similar way as in the proof of Theorem ., we can obtain the following convergence result for the Ishikawa process. and note that S : C → C is ρ-nonexpansive. Fix any x  ∈ C and let {x n } be generated by the two-step Ishikawa process I(S, σ , τ ), where σ = κ + λ and τ = κ + λ,
which is exactly the sequence defined by (.). By Theorem . there exists x ∈ F(S) such that x n → x ρ-a.e. By Theorem . F(F ) = F(S), hence x ∈ F(F ), which completes the proof.
Application to construction of a stationary point of the Urysohn process
In this section we provide an example how the results of the preceding sections can be utilized for constructing a stationary point of a process defined by the Urysohn operator defines the semigroup of ρ-nonexpansive mappings. Note that ρ in this example is orthogonally additive and hence it has the strong Opial property, see [] . Therefore, assuming ρ is (UUC) and uniformly continuous, see [, , ] for several criteria, we can use our methods (Theorem . and Theorem .) to construct a common fixed point of the semigroup {S t } which will be a stationary point of the Urysohn process defined by the evolution function (t, f ) → u f (t) ∈ C.
